1. Introduction {#sec0005}
===============

Butterfly wings are natural photonic nanostructures with characteristics of being multifunctional and energy-chemical elements. The wings exhibit complex architecture having hierarchical structures with voids ranging from 100 nm to a few micrometers \[[@bib0005], [@bib0010], [@bib0015]\]. Colours on the butterfly wings originate either from pigmentation or structural mechanism. The structural mechanism found on most butterflies is adopted in bio-mimics of waveguides for photonic transmission. Most authors use the Fourier Model Methods (FMM) \[[@bib0020], [@bib0025]\] to study the interaction of light with the wings by discretizing the wing structure along the wave propagation direction. Next, is to impose a boundary condition to get the eigenmodes of electromagnetic waves. The drawback to this method is that it leads to exponentially growing evanescence modes. Yet to compute fields in and around the scales, the Green tensor method is applicable. The Green tensor method is a solution for a point source of the wave equation and it enables the computation of fields in and around the scales (known as the scatter) using a matrix method.

In this study, we applied Green tensor method to calculate the energy of light traveling within the grooves (wings scales) of *Danaus plexippus* butterfly. The *Danaus plexippus* butterflies are of order Lepidoptera belonging to Nymphalidae families. This butterfly combines flapping and gliding of its wings to move from place to place [@bib0030]; Navigation is an important aspect of this Lepidoptera species. The flight abilities of this butterfly are of much importance due to the range of distances they can travel which has earned them the name "the wanderer" \[[@bib0035], [@bib0040]\]. Studies conducted on the Lepidoptera suggest that they use the eyes as photo-receptors in detecting polarized light in the ultraviolet region [@bib0045]. Interaction of polarized light in the region close to an ultraviolet spectrum with the wing is important [@bib0050]. In this study, we use Green tensor function to reveal the interaction of light with the wing. The arrangement of paper is: (i) scattering of polarized light in and around the wing using the Green tensor method \[[@bib0055], [@bib0060]\], (ii) computational analysis of scattered wave in the grooves and corresponding electromagnetic energies.

2. Background {#sec0010}
=============

In [Fig. 1](#fig0005){ref-type="fig"}(a), the wing of the *Danaus plexippus* butterfly displays beautiful colour combination of reddish-orange with black vein-like markings and white spots. The scatter plot of segmented pixels in a\*b space shows a mapping of colors in the wings. For an automated classification, the k-means clustering algorithm with CIElab routine via the MATLAB image processing toolbox provides different colours as reported in [Fig. 1](#fig0005){ref-type="fig"}(b).Fig. 1(a) Bright view of the *Danaus plexippus* ×20 and (b) the CIELab color space of the wings of *Danaus plexippus.*Fig. 1

[Fig. 2](#fig0010){ref-type="fig"}(a--b) shows the SEM images of the *Danaus plexippus* wing at 100 and 2 μm, respectively. Clearly, [Fig. 2](#fig0010){ref-type="fig"}(b) shows the nanostructured ridges, separated by cross-ribs with different periodicities. The SEM image on a black border indicated with arrow shows the tip-end ridges displayed in [Fig. 3](#fig0015){ref-type="fig"}(a).Fig. 2(a) The SEM image of the wing showing cover and ground scales, (b) SEM image showing the longitudinal ridges and the cross-ribs.Fig. 2Fig. 3(a) The tip end of scales showing longitudinal ridges and cross-ribs, (b) Detailed view of tip showing four periodic structures with different measurements showing mean length Λ~1~ = ∼1.76 μm, Λ~2~ = 1.36, Λ~3~ = 0.46 μm, and Λ~4~ = 0.19 μm.Fig. 3

3. Theory/calculation {#sec0015}
=====================

To develop a theory of an electromagnetic wave propagation in a wing of a butterfly *Danaus plexippus*, part of SEM image was crop and presented in 3D (azimuth −25, elevation 55). Here, the waves travel along grooves (see [Fig. 4](#fig0020){ref-type="fig"}) and are subject to a discrete translational symmetry.Fig. 4(a) The SEM image of scales of Butterfly wings (b) showing crop section outputted in 3D.Fig. 4

The Eigen function modes of waves are given in the Bloch form [@bib0065] as$$E_{k_{z}}\left( r \right) = E_{n}u_{k_{z}}\left( x \right)$$with a periodic function $u\left( z \right) = u\left( {z + R} \right)$, R = la(l is an integer, *a* is the lattice parameter), x is the direction of wave. Generation of corresponding eigenmode energy (En) consider scattering around the groove.

The strategy for solving the scattering in and around the scales is to discretize the structure along the propagation direction. This is due to the homogeneity in the propagation direction (x -- axis) where the wave is subjected to a translational symmetry with the (x, y) co-ordinates expressed in terms of the wavelength. The configuration is mapped onto a linear array with the index starting from 1 as the dielectric constant (Δεi) and the medium being $\left( {x_{i},y_{i}} \right)$ as in Eq. [(4)](#eq0020){ref-type="disp-formula"};

The scattering of electromagnetic fields in and outside the scales with a grid dielectric constant $\Delta ɛ\left( r \right) = ɛ\left( r \right) - ɛ_{B}$ is analyzed using the inhomogeneous Helmholtz equation [@bib0070] as$$\nabla \times \nabla \times E\left( r \right) - k_{0}^{2}ɛ\left( r \right)E\left( r \right) = k_{0}^{2}\Delta ɛ\left( r \right)E\left( r \right)$$where $\Delta ɛ\left( r \right) = 0$, the background with the incident plane wave $E^{0}\left( r \right) = E^{0}e^{\text{ikr}}$ which is a solution of the homogeneous part of the Eq. [(2)](#eq0010){ref-type="disp-formula"}. By assuming the scale to be a 2D scattering system, the tensor degrades to a scalar-tensor (GB). To be able to compute the scattered field in the time-harmonic case, the wave equation with a point source is (Refer Ref. [@bib0070])$$\nabla \times \nabla \times E\left( r \right) - k_{0}^{2}ɛ_{B}G^{B}\left( {r,r^{\prime}} \right) = \delta\left( {r - r^{\prime}} \right)$$with $k_{0}^{2} = k \cdot k$,

where k denotes the propagation vector. Solving Eq. [(3)](#eq0015){ref-type="disp-formula"} and combining with Eq. [(2)](#eq0010){ref-type="disp-formula"} gives (Refer Ref. [@bib0070])$$\begin{matrix}
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The above equation (Eq. [(5)](#eq0025){ref-type="disp-formula"}) enables the computation of the field in the background of scales where the solution inside the wing (scales) with $\Delta ɛ\left( r \right) = 0$ is true outside. This is achieved by spitting the background and the scattered area with $E_{i} = E\left( r_{i} \right)$ and $G_{i,j}^{B} = G^{B}\left( {r_{i},r_{j}^{'}} \right)$. Considering *N* to be the total number of cell elements of the area to be computed and Vj the cell volume area, Eq. [(5)](#eq0025){ref-type="disp-formula"} can be discretized as (Refer Ref. [@bib0070])$$E_{i} = E_{i}^{0} + \sum\limits_{j = 1,j \neq i}^{N}G_{i,j}^{B}k_{0}^{2}\Delta ɛ_{j}E_{j}V_{j} + M_{i}k_{0}^{2}\Delta ɛ_{i}E_{i}$$$$G^{B}\left( {r,r^{\prime}} \right) = \frac{i}{4}H_{0}\left( {k_{\rho}\rho} \right)\text{exp}\left( {\text{ik}_{z}z} \right)$$Where $H_{\alpha}\left( \rho \right)$ denotes Hankel functions [@bib0075] of the first kind:

$M_{i} = \frac{i\pi}{2}\beta\gamma$, $\beta = 1 - \frac{k_{z}^{2}}{k_{B}^{2}}$ $\rho = \sqrt{\left( {x - x^{1}} \right)^{2} + \left( {y - y^{1}} \right)^{2}}$ and [@bib0075]

$\gamma = \frac{R_{i}^{\text{eff}}}{k_{\rho}}H_{1}\left( {k_{\rho}R_{i}^{\text{eff}}} \right) + \frac{2i}{\pi k_{\rho}^{2}}$ with $k_{\rho} = \sqrt{k_{x}^{2} + k_{y}^{2}}$, $R_{i}^{\text{eff}} = \left( \frac{V_{i}}{\pi} \right)^{12}$, *V*~*j*~ = dx*~i~*dy*~i~* [@bib0075]

The scattering of light by the wing is modeled from Eq. [(6)](#eq0030){ref-type="disp-formula"}, by obtaining the geometry information using matrix analysis to simulate the wings surface and its relation to the scattered light. Numerical values used in the simulation include the wavelength of the trapped light, the dielectric constant, and the (x, y) -- coordinates of the corresponding cells. By omitting V~j~, in Eq. [(6)](#eq0030){ref-type="disp-formula"}, a linear equation can be derived with N = 4, as (Refer Ref. [@bib0075])$$\begin{pmatrix}
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From Eq. [(9)](#eq0045){ref-type="disp-formula"}, considering the cells 1 and 3 to be the background (see [Fig. 4](#fig0020){ref-type="fig"}), leads to (Refer Ref. [@bib0075])$$\begin{pmatrix}
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whilst the cells 2 and 4 of the system are deduced from Eq. [(9)](#eq0045){ref-type="disp-formula"} as (Refer Ref. [@bib0075])$$\begin{pmatrix}
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To evaluate Eq. [(11)](#eq0055){ref-type="disp-formula"} and calculate the scattering energies in the wing, we adopted the technique used in [@bib0060] and assumed the following;(i)The cells have the same shapes and sizes,(ii)The distance between each pair of cells is equal,(iii)The scattering configuration is mapped onto a linear geometry.

The geometric information needed is the x and y coordinates as well as the dielectric constant. This is obtained from [Fig. 5](#fig0025){ref-type="fig"} and mapped into Eq. [(4)](#eq0020){ref-type="disp-formula"}. To obtain the geometry information, in order to compute the scattering and the corresponding energies, we varied the λ1 and λ2 in Eq. [(4)](#eq0020){ref-type="disp-formula"} to conform to the cross-ribs measurement as in [Fig. 2](#fig0010){ref-type="fig"}, [Fig. 3](#fig0015){ref-type="fig"}. For n number of cells, a simple algorithm can be constructed to compute ρ in Eq. [(7)](#eq0035){ref-type="disp-formula"} such asFig. 5(a) A 2D representation of scale image mapped onto (x, y) co-ordinates showing cells and wavelength along x and y, (b) SEM image of the scales oriented along the (x, y) co-ordinate.Fig. 5

n = 1;

for i = number of cells$$\rho\left( {n,:} \right) = \sqrt{x\left( {i,:} \right)^{2} + y\left( {i,:} \right)^{2}}$$

n = n + 1

end

The ρ values are used to compute the Green functions in Eq. [(7)](#eq0035){ref-type="disp-formula"}. Deducing the diagonal elements Mi and the electromagnetic source term enables the computation of Eq. [(11)](#eq0055){ref-type="disp-formula"}. The scattering of the electromagnetic waves through the cross-rib of the wings computed at different wavelengths are shown in [Fig. 6](#fig0030){ref-type="fig"} and the corresponding energy profile of the light is plotted in [Fig. 7](#fig0035){ref-type="fig"}.Fig. 6(a--h) show the scattering patterns of translational movement of light in the groove over Lambda and the calculated corresponding energies.Fig. 6Fig. 7The energy profile of the trapped light inside scales of wing indicating where resonance occurs at lambda = 0.45 μm with energy = 2. 21 eV.Fig. 7

4. Materials & methods {#sec0020}
======================

The wings of Butterflies *Danaus plexippus* were acquired from Cape Town city of Strand (South Africa) and carbon coated in an Emitech K950x high vacuum turbo system. The Nano-architectures of their scales were examined using the Nova NanoSEM Scanning Electron Microscope (SEM).

5. Conclusions {#sec0025}
==============

Using experimental measurements coupled with computer simulation, electromagnetic energies generated within the grooves (wing scales) of Lepidoptera *Danaus plexippus* wing are deduced. The Green tensor method used considers the scales as a 2D material and maps scattering configurations into (x, y) coordinates. Simulations of waves in grooves of scales were at specific wavelengths in accordance with measured cross-rib lengths. The maximum energy of 2.21 eV obtained at 0.45 μm is similar to cross-rib spacing at the tip of wing. This gives insight into the design of bio-sensors of light and waveguide for photonic transmission.
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